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The recoilless fraction f in monoatomic microcrystals is calculated from a lattice-dynami-
cal model. Its dependence on the physical boundary conditions at the surfaces of the crystal-
lites is shown to follow the rule that f increases with increasing stiffness of the binding to the
surrounding medium. A modified form of the Debye approximation, which has been used in
the past to explain Mssbauer-effect experiments on microcrystals, is found to yield results
which are incompatible with those derived from lattice dynamics. The reasons for the failure
of the Debye approximation to predict the recoilless fraction in microcrystals are discussed.

1. INTRODUCTION

In experimental studies of the Mossbauer effect
in microcrystals the recoilless fraction f was
found to differ from the corresponding fraction
f» of macroscopic samples. 1-3 No obvious common
trend emerged when the results obtained on differ-
ent crystals were compared. In tin® and tungsten3
microcrystals, f was observed to be smaller than
f«, While in gold1 microcrystals f was found to be
larger than f,. In theoretical discussions of this
effect the Debye model was employed,l"’_5 but
with the frequency spectrum modified to account
for the smallness of the samples. This subject,

as well as many other aspects of the Mossbauer
effect in microcrystals, has recently been reviewed
by Schroeer.

The related problem of the Debye-Waller factor
for surface atoms of large crystals has been inves-
tigated experimentally by low-energy electron dif-
fraction. These experiments and the lattice-dy-
namical calculations which have been performed
in order to explain their results have been reviewed
by Maradudin’ in 1966. More recent LEED work,
in which the Debye-Waller factors of surface atoms
were measured, was reported by Jones, McKinney,
and Webb, ® by Goodman, Farrell, and Somorijai, ®
and by Morabito, Steiger, and Somorjai.'® Further
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theoretical discussions have been given by Wallis,
Clark, and Herman,!! by Wallis, Clark, Hermanand
Gazis,!? and by Corciovei, Grecu, and Radescu,’®
The theoretical results for surface atomsonmacro-
crystals are not directly applicable to microcrys-
tals since they are all subject to two limitations.
First, the crystals were assumed to be semi-infi-
nite whereas for microcrystals the effects due to
the presence of a number of surfaces may inter-
fere. Second, the calculations referred to free
surfaces whereas in the case of microcrystals the
binding to the surrounding medium can be of impor-
tance. The latter point has been emphasized by
Van Wieringen14 who demonstrated experimentally
that the recoil-free fraction of iron oxide micro-
crystals depended on the degree of their coupling

to the medium in which they were embedded.

In the present work lattice-dynamical calcula-
tions are performed for crystals with all dimensions
small and for different boundary conditions at the
surfaces. The lattice is assumed to be simple
cubic and to have the shape of a cube with N atoms
along each side. For a general force model the
solution of the dynamical problem would require
us to find the eigenvalues of a 3N3X3N?® system,
which would be impracticable even for N as small
as 5. This difficulty can be overcome only by
choosing a simple model. It has been shown by
Kothari and Singal®® that if the Montroll-Potts
model® is employed, the problem is reducible to
that of a linear chain of N atoms. In this model the
atoms are assumed to interact through nearest-
neighbor central and noncentral forces but the x,
9, and z components of displacements are uncou-
pled. Because of its simplicity this model has
often been used, e. g., in the theory of defect
modes, '®17 of the infrared absorption due to
impurities, !® of the Mdssbauer effect for an impu-
rity atom, 19 and of the recoilless fraction of sur-
face atoms on large crystals. % This model has,
of course, some physically unrealistic features™!?
and cannot reproduce the individual eigenfrequen-
cies and polarization vectors of real crystals. It
can, however, yield reasonable estimates for the
Debye-Waller factor (which is not sensitive to the
details of the normal-mode properties) and its
behavior as a function of the size of the crystal
and of the boundary conditions.

The results of our calculations are found to be
incompatible with those derived from the modified
Debye approximation. This approximation can
yield results which are even qualitatively incor-
rect. The failure of the Debye model is shown to
originate from some assumptions which are im-
plicitly involved in it and which are invalid for
small samples but do hold for large crystals.

The solutions for the linear chain, which will
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later serve as a basis for the solutions in three
dimensions, are discussed in Sec. II. The recoil-
less fraction for the three-dimensional case is
considered in Sec. III, where the lattice-dynamical
and Debye-type approaches are compared. In

Sec. IV the results of some numerical calculations
are presented and compared with experimental
data.

II. LINEAR CHAIN

Consider a linear chain consisting of N atoms
of mass M. With nearest-neighbor interactions
the equations of motion are

Mw?u;= @uy —u; .y —uz,1), 1=2,3,...,N-1, (1)

where u; is the displacement of the atom [ from
equilibrium and @ is the force constant. The
equations of motion for the two end atoms, I=1
and /=N, will be treated separately since they
depend on the physical boundary conditions of
which four different types will be discussed. The
first three are well known and we will only write
down the appropriate solutions. In the fourth case
perturbed force constants are introduced for the
end atoms and the solutions will be obtained by
using the Green’s-function method.

(a) Fixed ends. Here u;=uy=0 and the frequen-
cies and the normalized eigenvectors are given by

w?Z=(4a/M)sin’ [mnr/2(N ~ 1)], (2)

B(m,1)=[2/(N-D)]"?sin[(l - Dma/(N-1)] , (3)

where
m=1,2,...,N=-2,

(b) Ends connected to vigid walls. Here we assume
that Eq. (1) holds also for I=1, N and require u,
=uy,, =0, Physically this means that the end
atoms are connected to rigid walls with springs of
force constant @. The choice of this force con-
stant as being equal to the interatomic force con-
stants simplifies the mathematical treatment but
is, of course, arbitrary. This type of boundary
condition is, nevertheless, important in that it
represents an intermediate case between the two
extreme (and more often discussed) cases of fixed
and free ends. The solutions are given by

wz=(4a/M) sin®[mn/2(N+1)], (4)

B(m, 1)=[2/(N+1)]"?sin [lmn/(N +1)], (5)

where
m=1,2,,.., N.

(c)Free ends. This can be expressed mathemat-
ically by assuming that Eq. (1) holds for the end
atoms and by requiring that uy=u, and uy, ;= uy.
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The solutions are given by
w2=(4a/M)sin* (mr/2N)m=0,1, ... ,N-1 (6)
B(m, 1) = (2/N)"2 cos[(2l - 1)mn/2N]
m=1,2, . ,N-1
m=0 (7)

(d) Free ends and modified force constants for the
end atoms. Such models have been employed for
semi-infinite crystals.!»'? The changes in the
force constants of surface atoms can occur due to
the fact that these atoms have equilibrium positions
which are different from those of bulk atoms?®"2?
(i.e., there occur deviations from the bulk lattice
constant). The equations of motion are the same
as in (c) except that now the force constants con-
necting the end atoms to their neighbors, which
will be denoted a’, are different from all other
force constants. In terms of the Green’s func-
tions 2

=(1/N)V?,

81n=Lm[Bm, D)Blm, £)/(w* - 03] ®

of the unperturbed chain with free ends we obtain
a set of four linear homogeneous equations for u,,
Up, Uy .y, Uy. Utilizing the symmetry of the chain
about its center, which is not disturbed by the per-
turbation, these reduce to the following two equa-
tions:

)= 20(g1q — &12) (g — 1), (9)

Uy = 20(g15 — Z22) (g — 15), (10)
where A= (a’' - a)yM.

This yields the equation for the perturbed fre-
quencies

2A(g1, + 822 — 2812 = 1. (11)

The displacements of the inner atoms are given in
terms of those of the two end atoms by

Uy = 208(g ) = 812) (uy = up). 12)

In the Green’s functions appearing in Egs. (9)-(12)
the summation over m [Eq. (8)] is to be taken over
either odd or even values only, according to wheth-
er perturbed modes of odd or even symmetry about
the center are treated. We define w,, to be the
solution of Eq. (11) which coincides in the limit

o’ - a with the unperturbed frequency given by

Eq. (6). We again denote the normalized eigen-
vectors by B(m, 1).

We define € = (&’ — @)/« and note that for nega-
tive €, i.e., softening of the forces at the ends of
the chain, all frequencies (except for the zero
frequency) are lowered. For positive € all fre-
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quencies are raised and localized surface modes,
whose frequencies lie above the maximum frequen-
cy of the unperturbed chain, can occur. The case
of a semi-infinite chain with a modified force con-
stant at the free end has been treated analytical-
1y?*% and it has been found that a surface mode oc-
curs if €>}. For a finite chain two surface modes
are possible. As the chain becomes very long
these will become degenerate in frequency, being
simply odd and even combinations of the surface
modes of the semi-infinite chain.

III. RECOILLESS FRACTION

The recoilless fraction is

f: e-ZW y (13)
where the Debye-Waller factor is given by
2w =([k-T0)]%) . (14)

Here K is the wave vector of the ¥ ray and the
angular brackets denote a statistical average. The
usual way to evaluate this is to perform a normal-
coordinate transformation??

uo (1) =(7/2M)2 25 [Bo(m, 1)/(w,)"?](b,,+b)), (15)

where ﬁ(m, 1) are the normalized eigenvectors of
the dynamical matrix and b,! and b,, are the phonon-
creation and -annihilation operators. The Debye-
Waller factor then becomes

2w = (77/2M) 2, {[K: Blm, D)) [(2n,+1)/w,], (16)
where

N =(b by =1/[ exp(liw,) 1], B=1/kT. (17)

For macroscopic crystals of cubic symmetry
the following two assumptions are acceptable: (a)
All atoms are dynamically equivalent, i. e., the
mean-square displacement {[«(1)]?) is independent
of I; (b) each atom is located at a site of cubic
symmetry, i. e., the mean-square displacements
are isotropic, (u2) =(u2) =(u).

We note that these assumptions are inapplicable
in the case of microcrystals, where the mean-
square displacements will in general differ from
atom to atom and will also be anisotropic.

If the two assumptions are valid, (16) reduces
to

_B (" Nw) (@L
2W—ﬁfo ” cochkT>dw, 18)

where R=7%k%/2M is the recoil energy and N(w) is
the phonon density of states normalized to unity.
If, furthermore, the Debye spectrum is used, as
is usually done in discussions of experimental re-



1232

sults, this becomes
6R [1 <T>zf9D/T xdx]

L , 19

2w kel,[4+ 6,/ J, -1 (19)

where ©p is the Debye temperature.

Some previous attempts to interpret the results
of experiments on microcrystals have been based
on (18), but with a modified Debye spectrum so as
to account for the smallness of the samples. 1,35
The main modification consisted of introducing, in
addition to the short-wavelength cutoff 6,, also a
long-wavelength cutoff ©; which depends on the
dimensions of the crystal and on the physical bound-
ary conditions at the surfaces. This cutoff is a
manifestation of the fact that the wavelength of the
longest elastic wave which can propagate in the
crystal must be of the order of twice the largest
dimension of the crystal. N(w) was further mod-
ified by the addition of surface terms. Calcula-
tions based on this method™? gave the result that
f for a crystal with fixed surfaces is smaller than
f for a crystal with free surfaces and that the lat-
ter is larger than f,, (except for very low temper-
atures®). Some of these conclusions are incorrect,
as will be shown later in the lattice-dynamical
treatment of the problem. The inadequateness of
the modified Debye approximation is to be attrib-
uted to the failure of the two implicit assumptions
(a) and (b) mentioned above.

To calculate f from the lattice-dynamical model
we return to Eq. (16) and note that f depends on
the atom [ to which we are referring. Thus, as-
suming that all atoms have an equal probability of
interacting with a y ray, we define the recoilless
fraction of the microcrystal to be an average of
the recoilless fractions of the N® atoms.

In the Montroll-Potts model the equation of mo-
tion for the x component of the displacement of the

atom at 1=(l,, I,, I5) is
- Mo x(1)
=ay[x(ly - 1,15 13) — 2x(1) + x(1, + 1, 1,, 15)]
+ap[x(ly, 1= 1, 15) = 2x(1) + x(ly, 1o+ 1, 15)]
+ag[w(ly, Iy, 13— 1) = 2x(0) + x(14, 15,15+ 1)],  (20)

and the equations for the other components of dis-
placement follow by symmetry. The normalized
solutions of (20) are

B,(m, 1) = B(my, 1,)B(my, 1,)B(ms, Ly), (21)

where m = (my, m,, m3) and B(m;, 1;) are the solu-
tions of the corresponding one-dimensional prob-
lem defined in Sec. II. The eigenfrequencies are
given by

wi=(4/M)(eywp + Q. + aswp) 5 (22)
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where w,, are the frequencies given in Sec. II.

Since in our lattice-dynamical model the motions
in the x, y, and z directions are independent and
because the crystal as a whole has cubic symmetry,
the recoilless fraction of the microcrystal cube is
isotropic. We therefore may take k to be along the
x axis, without loss of generality. We note, how-
ever, that the f of any individual atom will, in gen-
eral, be anisotropic. The Debye-Waller factor of
the microcrystal will be calculated by

2W = (R/EN®) 20 [B,(m, D [(2n,+1)/w,,]. (23)
Im

IV. CALCULATIONS AND RESULTS

We have calculated f of cube-shaped microcrys-
tals for the four types of boundary conditions dis-
cussed in Sec. II: (a) fixed boundaries; (b) sur-
face atoms bound to a surrounding rigid medium
by force constants which are equal to the inter-
atomic force constants; (c) free boundaries; (d)
free boundaries and modified force constants for
the surface atoms.

In order to perform numerical calculations, a
choice of the force constants «; must be made. If
the central and noncentral force constants are
equal, as has been sometimes assumed for sim-
plicity, '*=%° the mean-square displacements of
surface atoms in directions parallel and perpendic-
ular to the surface will be equal.*2° Since calcu-
lations for semi-infinite crystals based on more
realistic models® show that the mean-square dis-
placements of surface atoms in the direction per-
pendicular to the surface is larger than those in the
parallel direction, and since physically the central
force constants are expected to be considerably
larger than the noncentral ones, we have chosen
a;=8a,=8as.

Since an experimental result for tungsten micro-
crystals is available® f was first calculated for the
46. 5-keV Mossbauer transition of 1 W. We took
a;=1,43X 10° dyne/cm which reproduces the ex-
perimental value of f,=0. 61 at 77 °K for macro-
scopic samples.® To calculate f«, the solutions of
Eq. (20) with cyclic boundary conditions'® were
used. We disregard the fact that tungsten is not
a simple-cubic crystal.

In Fig. 1 the ratio of f for a small cube to f, is
plotted as a function of the number of atoms along
the edge of the cube. Curve (d) was calculated for
€=~0.5, which is of the order of the changes ex-
pected in the force constants of surface atoms. !
The relative positions of the four curves follow the
general rule that f increases with increasing stiff-
ness of the binding at the surfaces. Note that cal-
culations based on the modified Debye approxima-
tion® predicted that curve (c) would be higher than
curve (a). For all boundary conditions the recoil-
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FIG. 1. Recoilless fraction for the 46.5-keV tran-
sition of ¥Win cube-shaped microcrystals. N is the
number of atoms along the edge of the cube. Curve (a),
fixed surfaces; curve (b), surface atoms bound to sur-
rounding medium; curve (c), free surfaces; curve (d),
free surfaces and smaller force constants for the sur-
face atoms. The point corresponds to the experimental
result of Roth and H8rl (Ref. 3).

less fraction tends to f,, with increasing N. The
point in Fig. 1 corresponds to the experimental
value f=0. 57 measured by Roth and Horl® on tung-
sten microcrystals of diameter 30Ain an organic
embedding material. These crystallites contain
about the same number of atoms as cubes with
N=10. Assuming that the change in f was caused
by lattice-dynamical effects only, the position of
the experimental point would indicate the existence
of some degree of binding of the crystal to the sur-
rounding medium (considerably weaker than the in-
teratomic binding).

Marshall and Wilenzick! measured f in gold mi-
crocrystals and interpreted their results in terms
of the modified Debye approximation. In order to
obtain a curve which would fit the experimental
results they found it necessary to assume for 60 A
microcrystals a Debye temperature which is higher
than 6, of macroscopic samples. This change in
the Debye temperature has been explained by
Schroeer?®” as arising because of changes in the
value of the lattice constant with decreasing crystal
size. We note that this refers to changes which oc-
cur throughout the whole volume of the crystal.

The change in the Debye temperature with a small
change AV in the volume V of the unit cell is given
by

o,=(1-yav/v)le,, (24)

where v is the Griineisen constant. The change in
volume can be incorporated into our lattice-dynam-
ical model by assuming, in analogy with (24), that
the force constant changes from its value «; in
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large crystals to
al=(1-2vAV/V)q, - (25)

For gold the value a; =4.25X%10*dyne/cm was
found to fit the experimental result measured on
macrocrystals of £=0.177 at 4.2 °K.2® For 60-A
microcrystals the change in lattice constant was
estimated from x-ray scattering data.2® From (25),
using the value v =3. 05, * we obtain for the force
constant of the 60-A samples the value 4. 62x10*
dyne/cm. In Fig. 2 the recoilless fraction, as
calculated from the lattice-dynamical model, is
shown as a function of temperature. Curve II was
calculated with cyclic boundary conditions and ap-
plies to macroscopic crystals. Curves I and III
are for a cube with N=18 (which contains about
the same number of atoms as a 60-A sphere) and
with the change in force constant due to the decrease
in lattice constant taken into account. Curve Iis
for free surfaces and curve III for surfaces con-
nected to the surrounding medium with force con-
stants equal to the interatomic ones. The open and
dark circles correspond to experimental results
on 60-and 200-A gold microcrystals, respectively,
which were embedded in gelatin. These data have
been taken from a table given in Ref. 31. The data
for the 200-A samples follow quite closely the cal-

0.20

0.6

0.2

Recoilless Fraction f

0.08

0.04

| 1 1 L1 |
o] 10 20 30 40 50 60
Temperature (°K)

FIG. 2. Recoilless fraction for the M&ssbauer transi-
tion of ¥7Au. I microcrystal cube (N=18) with free
surfaces; II: macroscopic crystal; III: microcrystal
cube (N=18) with surface atoms bound to the surrounding
medium. The points correspond to the experimental
data (Ref. 31) for 200-A microcrystals (closed circles)
and for 60~-A microcrystals (open circles).
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culated macrocrystal curve. For this crystal size
the deviations from f, due to both lattice-dynamical
and lattice-distortion effects are already very small.
The data for the 60-A microcrystals correspond,
within our model, to some degree of binding (some-
what weaker than the interatomic binding) of the
crystallites to the medium. The conclusion drawn
from the modified Debye approximation that the
surfaces were almost free! is not confirmed by
the lattice-dynamical calculations.

The recoilless fraction of tin particles immersed
in liquid paraffin has been measured by Suzdalev,
Gen, Gol’danskii, and Makarov.? The smallest
samples used by them were of diameter 250 A. The
corresponding cubes with the same number of atoms
would have N =67, which we found too large for
numerical calculations because of the excessive
computer time required. Experimentally f was
found to be considerably smaller than f,, which
suggests that the boundary conditions were of type
(d),i.e., free surfaces and a softer binding of the
surface atoms. It seems, however, that this mod-
el would not suffice for explaining the very large
magnitude of the measured effect. At 93 °K, for
example, f,=0.350, whereas for the 250-A parti-
cles f=0.254. Some additional mechanisms, like
the softening of the force constants of a few sur-
face layers, or a change in the lattice constant,
might have been involved.

V. DISCUSSION

The recoilless fraction of microcrystals has
been calculated from a lattice-dynamical model.
The dependence of f on the boundary conditions has

R. RUPPIN 2

been found to follow the rule that f increases with
increasing rigidness of the surfaces. This rule
can be understood in terms of the following simple
considerations. In a microcrystal with clamped
surfaces, for example, the fixed surface atoms
have a recoilless fraction f=1. As the center of
the crystallite is approached, the recoilless frac-
tions of the individual atoms tend to f,. When av-
eraged over all the atoms, f will thus turn out to be
greater than f,. On the other hand, surface atoms
of crystallites with free boundaries have large
mean-square displacements and consequently their
recoilless fraction will be smaller than f.,. The
average value of f will thus be smaller than f..

The predictions of the modified Debye approxi-
mation for different boundary conditions do not
follow the correct trend. It has been shown that
the modified Debye approximation fails because it
implicitly ignores the large changes which can oc-
cur in the mean-square displacements of the in-
dividual atoms of microcrystals and accounts only
for changes which occur in the phonon frequency
spectrum N(w). The modified Debye approximation
might still be useful for the explanation of physi-
cal effects in which N(w) plays a main role, like
the specific heat of microcrystals4 or the enhanced
transition temperature in small particles of super-
conductors. *
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The ENDOR spectra of °Mn®* in KMgF; and K,MgF, have been measured at 4.2°K. Where-
as the spectrum in KMgF; could be analyzed in terms of a spin Hamiltonian of cubic symme-
try, the spectrum in K,MgF, shows axial anisotropy and appropriate axial terms had to be
added. The principal results are for KMgF;3, A/hc= (- 91.347+0.007) x10~4 em-!; and, for
K,MgF,, D/hc=(+108%5)x10"4 cm~!, A/hc=(—90.809+0.018) x10™* cm™!, B/hc= (- 90.676
£0.014) x10~% em™!, and Q’/h=3¢%qQ/40h=(+0.19+0.04) MHz. A comparison with other
compounds indicates that the anisotropic part of the hyperfine structure mainly results from
a second-order process, linear in the axial component of the crystalline field and linear in
the dipolar hyperfine coupling. Finally, the importance of the D term for the anisotropy

field in antiferromagnetic K,MnF, is pointed out.

I. EXPERIMENTAL RESULTS

In this paper we report electron-nuclear double
resonance (ENDOR) measurements of the **Mn?*
(S=%, I=%)d’ ®S-state ion in KMgF; and K,MgF,.
KMgF; has the cubic perovskite structure,’ and the
paramagnetic impurity Mn replaces Mg, which is
at a site of cubic point symmetry with a sixfold
coordination of nearest-neighbor F ions. K,MgF,
is a layer compound with tetragonal unit cell
closely related to the perovskite structure,? Again
Mn is in a sixfold coordination of F ions, but the
cubic arrangement is slightly distorted along the
crystalline ¢ axis. The electron-spin resonance
spectra (ESR) of these compounds have been
studied previously. 3*

The data were taken at a temperature of 4.2 °K
and a microwave frequency of 8,95 GHz with the
experimental setup described previously,®® The
microwave power was increased to saturate the

ESR spectrum to about half of the unsaturated
intensity (2H3T,T,~1). The Mn content of the
crystals was between 0.1 and 1%. Roughly speak-
ing, the ENDOR spectra each consists of six groups
of five lines centered at the approximate frequen-
cies of 95, 175, 380, 440, 670, and 690 MHz. Be-
cause of inhomogeneous broadening of the ESR
lines, the ENDOR transitions were observable over
several hundred gauss. The ENDOR frequencies
were found to vary by a few percent in going from
2900 to 3400 G. The detailed analysis of the spec-
tra has been done by means of diagonalization of
the spin-Hamiltonian matrix, including all off-
diagonal elements, followed by least-squares ad-
justment of the spin-Hamiltonian parameters to
the measured line frequencies, as described be-
fore.® It appears that the six groups of lines are
to be assigned to mg=—3, +3, — 3, +3, —%, and
+3, respectively.

The ENDOR lines of Mn:KMgF; have been fitted



